Abstract. Frame dragging, one of the outstanding phenomena predicted by General Relativity, is efficiently studied by means of the laser-ranged satellites LARES, LAGEOS and LAGEOS 2. The accurate analysis of the orbital perturbations of Earth's solid and ocean tides has been relevant for increasing the accuracy in the test of frame-dragging using these three satellites. The Earth's tidal perturbations acting on the LARES satellite are obtained for the 110 significant modes of corresponding Doodson number and are exhibited to enable the comparison to those of the LAGEOS and LAGEOS-2 satellites. For LARES we represent 29 perturbation modes for l = 2, 3, 4 for ocean tides.
Introduction
Frame-dragging is one of the intriguing phenomena of General Relativity with relevant astrophysical implications [1] and its study and test with increased accuracy using laser-ranged satellites is a goal of profound importance [2] . The LARES (LAser RElativity Satellite) satellite, as the best ever made test-particle to move on geodesics in the Earth's gravitational field [3] , [4] , is proving its efficiency for high precision probing of General Relativity and fundamental physics [5] . The analysis of 3.5 years of laser ranging data of LARES, together with those of the two LAGEOS satellites, has resulted in a test of frame-dragging with about 5% accuracy [6] . To extract frame-dragging from the laser-ranging data, the main gravitational and non-gravitational orbital perturbations are modeled in orbital estimators such as GEODYN, EPOSOC and UTOPIA. The analysis of the laser-ranging data using these orbital estimators produces the post-fit orbital residuals of the orbital elements, i.e. the difference between the observed orbital elements and the modeled ones. Then, a relevant part of the analysis of the post-fit residuals of LARES, LAGEOS and LAGEOS 2, and of the relative error analysis, was based on the study of the main orbital perturbations due to the Earth tides and to the non-gravitational effects, and in particular on the analysis of their periods and amplitudes on the nodes of LARES, LAGEOS and LAGEOS 2. The main tidal signals were then fitted for, together with frame-dragging, in the combination of the post-fit residuals of the nodes of LAGEOS, LAGEOS 2 and LARES [6] .
The analysis of the orbital perturbations of a satellite due to the main tide modes of the Earth's can be performed by means of the perturbative methods developed in celestial mechanics [7] . Below, we compute the parameters of the 110 modes in Doodson number classification, representing them along with those of LAGEOS and LAGEOS-2 satellites in mutual comparison in relevance and statistics of the modes.
1 Tidal perturbations
Earth tides
To describe the satellite's motion influenced by the tides one must adopt a model for the gravitational potential of the Earth. Earth's shape is not spherical, and although the quadrupole has essential contribution in the perturbed potential, such effects as the tidal deformations of the oceans and of the atmosphere have to be properly accounted for.
Below we briefly summarize the main steps in the analysis. Earth's gravitational potential is convenient to represent as expansion by spherical harmonics Y lm (φ, λ) [8, 9, 10, 11] 
here R, M are Earth's mean equatorial radius and mass, respectively. Coefficients C lm , S lm are so-called Stokes coefficients. The gravitational perturbations by the Moon and Sun are the essential ones in inducing Earth's tides. The tidal perturbation potential can be written as function of six orbital parameters {a, i, e, ω, µ, Ω} of the satellite that varying with time [8] (Eq.(3.70) there), [12] 
where a, F lmp (i), G lpq (e) are the semi-major axis, inclination and eccentricity functions of the perturbation, respectively. In general, both have complicated form but in the case of our interest, l = 2, m = 0, 1, 2, they read
The angular perturbation function is [8, 9, 11] N lm = 2l + 1 4π
here ω, µ, Ω, θ are the argument of the perigee, mean anomaly, the longitude of ascending node and sidereal time, respectively. Normalization coefficient N lm arises from common notation of spherical harmonics. Tidal potential harmonic coefficients u lm are listed and computed in [12] , [13] , [15] . They are coefficients of timeharmonic expansion of tide potential. The Love numbers manifest the fact that tides can deform the Earth's shape. They measure response of the Earth to tidal potential. The Love numbers k lm (ν) weakly depend on the frequency of tidal perturbation mode ν [14] , [11] . Love numbers for about 110 modes are listed in [11] for l = 0, 1, 2. It has a general form
And phase η lm (ν) in eq. 4 has form 
The frequency of the mode is [9]
hereΩ,ω andμ represent the frequencies of the longitude of ascending node, argument of the perigee and mean anomaly for the satellite, respectively. From the Lagrange equation [8] one has for the ascending node Ω
Since the derivative of the potential V is taken over the inclination parameter i and only the argument of cos in V depends on time, the main perturbation of the longitude of the ascending node arises due to the variation of cos. In view of this, after formal integration in linear approximation one gets for the amplitude of perturbations (cf. Eq. (3.76) in [8] and Eq. (3.8) in [9] )
We are interested in the modes with long period without mean anomaly of satellite µ. Because of that we set l = 2, p = 1, q = 0, m = 0, 1, 2. Some other possible combinations of parameters are omited because of equation G 20−2 (e) = G 222 (e) = 0. In addition, one has the following parameters of the orbit of the LARES satellite:
The results of the computations for 110 significant tides for these parameters of LARES's orbit are given in the Table 1 (cf. [16] ). Figure 3 shows the amplitude vs period; the pink line denotes the frequency of the node of LARES satellite.
Similar estimations for the tides' amplitude, period and mutual dependence of the two latter parameters but for LAGEOS and LAGEOS-2, are exhibited in Figures 4-6 and 7-9 6 . The same as in Figure 3 , but for LAGEOS satellite. Fig. 7 . The same as in Figure 1 , but for LAGEOS-2 satellite. Fig. 8 . The same as in Figure 2 , but for LAGEOS-2 satellite. Fig. 9 . The same as in Figure 3 , but for LAGEOS-2 satellite.
Ocean tides
The gravity of the Moon and Sun generates also ocean tides. The ocean tides can be described by the amplitude ξ a (λ, φ) and phase ψ(λ, φ), both as a function of geocentric longitude and latitude (λ,φ).
Eq.(12) can be represented via real valued series of prograde and retrograde waves of tides [18, 19, 20, 21] ζ(φ, λ, t) =
Those waves can be treated as disturbance to the Earth's gravitational potential by the term [18, 22, 23, 26 ]
where ρ w = 1023 kg/m 3 is the ocean water mean density. With similar derivations as for the Earth's tides, one can define the perturbations of the ascending node induced by the ocean tides with amplitudes
wherek l (ν) is the load Love number listed in [24, 25] . We list some values ofk l (ν) Several models for the ocean tides have been developed i.e. NSWC, EGM96, GOT99, FES2004 (see [18, 23, 20, 26] ). Among the two recent models -GOT99 and GOT4.7 -the latter uses more observational data and, particularly, it describes more accurately longer period ocean tides like the mode 056.554. Below we use GOT4.7 to obtain the ocean tides for the the LARES satellite. We are only interested in long periodic modes that do not contain mean anomaly µ, and consider only the modes obeying the condition l − 2p + q = 0. For modes with parameters (l = 3, p = 1, q = −1) the Eccentricity Function G lpq (e) ≈ e for the eccentricity of LARES's orbit e = 0.0008, therefore although D ± lm harmonic parameters of tides can be as high as for (l = 2, p = 1, q = 0), their amplitudes are far smaller. 
Conclusions
110 significant Earth's tide modes for the LARES satellite were obtained using the perturbative methods of celestial mechanics and the recent data on the satellite's orbit. The significant ocean modes were also represented. Note, that for modes of periods exceeding about a year the elasticity effects [11] have to be considered in more details. Tidal modes together with non-gravitational effects such as the Yarkovsky-Rubincam effect, are among the main orbital perturbations of laser-ranged satellites; see the randomness analysis of the residuals of the LAGEOS satellites in [17] .
